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Tailoring

Problem of matching a desired fundamental natural frequency is solved in the closed
form for the polar-orthotropic inhomogeneous circular plate, which is clamped along its

circumference. The vibration tailoring is performed by posing a semi-inverse eigenvalue
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problem. To do this, the fundamental mode shape is postulated. Namely, the analytical
expression due to Lekhnitskii, and pertaining to the static deflection of the homogeneous
circular plate is demanded to serve as an exact mode shape of the inhomogeneous plate.

The analytical and numerical results are reported for several ratios of orthotropic
coefficient. [DOL: 10.1115/1.4000410]
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1 Introduction

Vibration tailoring has attracted investigators during the past 2
decades. The pioneering paper by Shirk et al. [1] appears to be a
must for those who want to acquaint themselves with its potential.
They explain the notion of aeroelastic tailoring as follows:
“Aeroelastic tailoring is the embodiment of directional stiffness
into an aircraft structural design to control aeroelastic deforma-
tion, static or dynamic, in such a fashion as to affect the aerody-
namic and structural performance of the aircraft in a beneficial
way.” Authors [1] stress that the tailoring “...will no longer be
regarded as an isolated phenomenon, but rather an obvious, logi-
cal extension and integral part of efficient design practice.” The
papers by Rehfield and Atilgan [2], Engelstad [3], Pal and Hagi-
wara [4], Librescu et al. [5], Constans et al. [6], and Piovan and
Cortinez [7] present novel theoretical developments in implemen-
tation of this concept.

Vibration tailoring—design of a structure in such a manner so
as to possess desired vibration characteristics—attracted much at-
tention in recent years.

In this paper we deal with vibration tailoring of the clamped
circular polar-orthotropic plates. It is instructive to mention sev-
eral references dealing with direct vibration problems.

Axisymmetric vibration of clamped circular plates was studied
by Prathab and Varadan [8]. According to Leissa [9], “particular
attention was given to the questionable meaning of polar orthot-
ropy at the origin (r=0).” Polar orthotropic circular plates pos-
sessing concentric isotropic cores were treaded by Woo et al. [10],
and Rao and Ganapathi [11]. Greenberg and Stavsky [12] studied
circular composite orthotropic plates. Narita [13] studied vibra-
tions of both circular and annular plates. Vibrations of plates with
variable thickness were analyzed by Laura et al. [14], Lal and
Gupta [15], and Gorman [16].

Referring to tailoring, Bert [17] writes, “Although the potential
for tailoring of laminates is usually mentioned as one of their
advantages, most optimization to date has been on an ad hoc basis
and has not considered dynamic criteria (objective functions or
constraints).” Rao and Singh [18] attempted to remedy this situa-
tion in a formal optimization using nonlinear mathematical pro-
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circular plates, semi-inverse method, closed-form

gramming. They considered minimum-weight design with con-
straints on minimum fundamental natural frequency, minimum
buckling load, and maximum static deflection.” Bert [19,20]
posed the problem of optimization angle that maximizes the natu-
ral frequency.

This study is somewhat resonating with those by Rao and Singh
[18] and Bert [19,20]; although we do not study the optimal de-
sign of the structure under consideration, namely, the circular
polar-orthotropic plates, we deal with the fundamental of natural
frequency. We are concerned with the design that demands the
fundamental frequency to equal the preselected value that is dic-
tated by consideration of resonance; for example, the designer
wants natural frequency to be removed from the excitation fre-
quency by a given interval.

2 Basic Equations

Consider first a clamped-clamped orthotropic plate under stati-
cally applied uniformly distributed load of intensity ¢,. The de-
flection is given by Lekhnitskii’s [21] classic formula

goa* K+l 4
w(r) 5 [3=k—=4(F/R) + (1 +k)(r/R)*]

T 89— k) (1 +k)
(1)

where k is the orthotropy coefficient equal to \Dy/D,, D, and D,
being, respectively, radial and circumferential flexural rigidities,
r=radial coordinate, and R=radius of the plate. In this formula,
D, and Dy are considered to be the constants.

Consider now the free vibration of the circular inhomogeneous
plate. The governing differential equation reads

dDr(r)

r

rD (W + (ZDr(r) +2r +vD(r) - ere(r)) w"
dD,(r)

- P(— D) -+ )+ vp9<r>) v

dr dr

¥ %Dg(r)} W' - L%(- ng'i;r(’) + %D,,(r)) ] W’

= rphwW(r) )

where W(r) is the mode shape, D,(r) and D(r) are, respectively,
variable radial and circumferential flexural rigidities, depending
on the radial coordinate r, but being taken as independent of the
circumferential coordinate 6, v,, v, are Poisson’s ratios of ortho-

MAY 2010, Vol. 77 / 031019-1

Downloaded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



tropic plate, considered to be constants, p is the material density,
is the thickness, and w is the natural frequency. Our task is to
design the plate in such a manner so as it to posses the prespeci-
fied fundamental frequency ().

To achieve the desired design of a circular plate, we demand the
fundamental mode shape, W(r), in the governing differential equa-
tion (2) to coincide with the expression in brackets in Eq. (1) or

W(r)=3—k—-4(r/R)*" + (1 + k)(+/R)* (3)

This implies that the mode shape of the inhomogeneous plate is
proportional to the static displacement of the homogeneous one.

We deal exclusively with the case when the mode shape (2) is a
polynomial function. Therefore, we let the value k in Eq. (3) as
equal some integer m:

W) =3 —m—4FR)"™ + (1 +m)(r/R)* (4)

and examine if there exists a non-negative-valued variations of
D,(r) and D(r) that taken together with mode shape (4) satisfy
the governing differential equation (2).

It should be noted that the proposed method constitutes the
semi-inverse method. This is due to the fact that the fundamental
mode shape, which is ordinarily obtained as the result of the direct
vibration analysis, is being assumed here to be given. One may
ask, “Why demand that the free vibration mode shape be the same
as the static deflection of a uniformly loaded plate?” Indeed, one
may think that what we want to do is a mystery. In reality, how-
ever, our approach can be justified as follows. Homogeneous
structures do not allow the vibration mode to be a polynomial
function; however, inhomogeneous structures, by their virtue,
contain more parameters than their homogeneous counterparts.
Therefore, one can solve the problem of vibration tailoring, in
which a given function, including the static displacement of the
corresponding homogeneous structure, may serve as the exact
mode shape. We show that this unusual approach works well and
yields nontrivial and significant results. We hope that this method
will be both widely utilized and further developed by other re-
searchers.

3 Semi-Inverse Method of Solution Associated With
m=1
For m=1, the mode shape in Eq. (4) reads
W(r) =2 -4(r/R)* +2(r/R)* (5)

The flexural rigidities are sought as polynomials of the fourth
order

4

D)=, byl (6)
j=0

Dy(r) =KD (r) @)

where k is taken as constant. The substitution of Egs. (6), (7), and
(4) into a governing differential equation leads to the following
polynomial equation:

S0+S1r+S2rz+S3r3+S4r4+S5r5=0 (8)
where

So=—4k’R’b, + 8R%b| + 8v,R’b, — 4v,R*k’b, 9)
S, =24R%b, — 24vbg + 8k>by — T2by — 8k>by + 24v,Rb,
— 8Kk%v,R%b, + 24Kk v,by — 8k*R*b, + phw’R* (10)
S, = 12k, + 48v,R*b; — 12k>v,R*b5 + 36k>v,b| — 144b,
+48R%bsy — 12k°R?b; — 48vgb, (11)

Sy = 16k>b, + 48k v,b, — 16k*R?b, + 80v,R*b, + 8ORb, — 800 4b,
— 16v,k*R*b, — 240D, — 2phw’R* (12)
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S,y = 20k%b5 + 60k*v,b; — 120v,b5 + 360b,4 (13)

Ss=—504b, — 168vyb, + 24k>b, — 12k*v,b, + pho®  (14)

From Eq. (14) we get the relationship between the natural fre-
quency squared w? and the coefficient by:

@*=24(21 + Tvy—3v,k* = 21k>)b,/ ph (15)
Equation (13) can be factored as follows, (20k>+60k?v,—120v,
+360)b3=0. Since the expression in the parentheses does not nec-
essarily equal zero, we conclude that in order for Eq. (13) to be
valid, b3 must vanish. The equation resulting from substitution of

Eq. (15) into Eq. (12) results in the formula for b,, as related to
b4:

(K + 4k, — 8v,—29)
-2 R%b 16
(= 5vp+ k243K, - 15) * (16)

Equation (11) leads to the conclusion that b;=0. The equation
resulting for substitution of Egs. (15) and (16) into Eq. (10) results
in the expression for by:

b2=

by
(K2 = 5vp+3k>v, — 15)(k* = 3vy+ 3K*v, - 9)
— 4417 + 408 vy — 68k vy, — 14k2 + 5715+ 8k* v, + 19k*y,
+k*+771) (17)

by=— (- 242w,

In view of the relationship v,=k?v,, we get the following final
expression for the flexural rigidity:

by
(2K*v, — k> + 15)(k* = 9)
— 135)r* + (72K%v, + 522 + 2k* - 8k* — 8k*v, — T6K*)R?F?
+ (= 8k*52 — k* = TTIR* + 44k> + 6k*v, — 166k>v,)R*r*]
(18)

Figure 1 depicts the variation in D,.(r) as a function of r, for
various values of k, for v, fixed at 0.35.

D,(r) =

X [(- 18K%v, + 2k*v, + 24k> - k*

4 Semi-Inverse Method of Solution Associated With
m=2
For m=2, the mode shape in Eq. (4) reads
W(r) =1-4(r/R)* +3(r/R)* (19)

The result of substitution of Eq. (19) in coincidence of Egs. (6)
and (7) yields the equation:

To+Tir+Tor* + TP + Tyt + Tsr* =0 (20)
where

Ty = 24v gRbo — 24k>v,Rby + 48Rby — 12k*Rb, (21)

T, =T72k*v,by — 216by + 24k>by — 24k>Rb, — 48k*Rv,b, + T20 4Rb,
— 72v4bo + 144Rb, + phw*R* (22)
Ty =—432b, — 144v,b, + 108v,k°b, + 144v,Rb, — T2Rk*v,by
+288b,R + 36k*h, — 36k*Rb, (23)

Ty = 144k2v b, — 720D, — 2400 jb, + 240v,Rb; — 48k2Rb,

— 96k*Rv, by + 480Rb; + 48k*D, (24)

T, = 180kv, by — 3603 + 360Rvzb, — 1080b5 + 720Rb,

— 120k*Ru, b, + 60k*b — 60RK*b, — 4phw*R (25)

Transactions of the ASME

Downloaded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



25 I ) ) ) ) I ) ) )
D(r)
k=25
20
15 -
k=
101 -
k=15
s N
k=05
0 1 1 1 1 1 1 1 1 1
0 0.1 0.2 03 04 05 06 0.7 08 0.9 1
r/IR
Fig. 1 Variation in D(r) versus nondimensional radial coordinate r/R for various values of k and »,=0.35

Ts=72k>b, + 216k*v,b, — 504y — 1512b, + 3phe’®  (26)

From Eq. (26) we get the expression for natural frequency squared
2.
W

@ =24(21 + Tvy—3v,k* = 21k>)by/ ph (27)

It is significant to note, that the expression (27) coincides with
Eq. (15) for the squared natural frequency. This means that al-
though the mode shapes in Egs. (5) and (15) are different, the
natural frequency is obtained as the same analytical expression.
This does not imply that the solution is immune to the mode
shape. It should be anticipated that the variations of flexural ri-

b,R?

gidities will be different in these two cases. Substitution of Eq.
(27) into Eq. (25) yields

13K + 14k%v, - 26V, - 21)

b= S Covpt 2+ 38w, — 18) (04 28
Substituting Eq. (28) into Eq. (24) we get
by=-— bak" (- 26w
5(k* = 6vp+ 3k*v, — 18)(k* = Svy+ 3Ky, — 15) v
+3k% = 107 + 14Kk%v,) (= 5vy+ 2k*v, — 10 + k) (29)

Eq. (23) leads to the coefficient by:

b=

X(=4vy+ k> -8 +2kv,)

From Eq. (21), we conclude that by=0. Equation (22) yields
another expression for b;:
by(=Tvg+ k> + 3k*v, = 21)(6 + vy R®

b =
! —6+ 2Ky, + k2 =3,

(31)

In order to resolve the contradiction of Egs. (30) and (31), we
demand expressions for b; to coincide. This requirement results in
the following polynomial equation:

4
2 Upi=0 (32)
j=0
where
Up =2k — 150k° + 4899k* — 64386k> + 288360 (33)

Journal of Applied Mechanics

53K, = 5vy— 15+ kD) (= 6wy + K2+ 3K20, — 18)(= 5wy + K2+ 3k2w, — 15)

(3k* = 108 + 14k*v, — 26v,) (= 10+ k* = 515+ 2K7v,)

(30)
[
U, =—20k% + 1188k° — 24576k* + 152298k> (34)
U, =70k® — 2868k° + 28137k* (35)
U, = — 100k® + 2082k5 (36)
U, =48k® (37)

Numerical evaluation of the roots of Eq. (32) reveals the fol-
lowing: For k=1, k=2, or k=3 it does not possess real positive
roots for v,. For k=4 the only positive root of Eq. (32) is v,
=0.1080. Figure 2 portrays the appropriate variation in the radial
flexural rigidity D,(r).

For k=5, Eq. (32) yields a positive root, v,=0.4431 (Fig. 3);
k=6 corresponds to two positive roots »,=0.2574 and v,
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Fig. 2 Variation in D(r) versus nondimensional radial coordinate r/R for k=4 and »,=0.1080

=0.5628 (Fig. 4). Likewise, Eq. (32) has two positive roots v, 5 Semi-Inverse Method of Solution Associated With
=0.2964 and v,=0.6498 for k=7. Similarly, two roots v, p;=4

=0.3262 and v,=0.7162 match to the orthotropy coefficient k=8.
In addition, the value k=9 is represented with roots v,=0.3512
and v,=0.7673, whereas k=10 corresponds to v,=0.3732 and v,
=0.8068. Figures for cases k=7, 8, 9, and 10 are not reproduced
here to save space. W(r)=-1+5/R)* - 4(r/R)’ (38)

For m=4, the mode shape in Eq. (4) becomes

D(r)

25 -1

05 -1

0 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 06 0.7 08 09 1

r'R

Fig. 3 Variation in D(r) versus nondimensional radial coordinate r/R for k=5 and »,=0.4431
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Fig. 4 Variation in D(r) versus nondimensional radial coordinate r/R for k=6

The result of substitution of Eq. (38) in coincidence of Egs. (6)
and (7) yields the equation:

Vo+ Vir+ Vor? + Var + Vgt + Vs + Vr® =0 (39)
where
Vo=0 (40)
V| = phw’R> + 360byR — 120k’Rv, + 360bR + 120byv,R
— 40k’byR (41)

V, = — 180k*b,v,R + 720b R + 240k>byv, — 60k>byv, — 240by v,
— 960by + 240Rvyb, + 60Kk%b,, (42)

V3 == 80k*b,R — 400b vy + 320k>b, v, — 240k*b,v,R + 400b, v R

+ 1200Rb, — 1600b, — 80k>b, (43)
V, = 400k>b, v, + 600b3 v4R + 100k>b, — 2400b, — 600b, v,
—300k%b;Rv, + 1800bh5R — 100k>h5R (44)

Vs =2520b,4R — 120k>b4R — 2660b5 — 360k>b,v,R — 5phw’R
—3360b5 — 360k>v,Rb, + 480k>b v, + 840b, v 4R + 120k%b,
— 840b;v, (45)
Ve = 560k>b, v, — 4480b, — 1120b, v, + 140k>b, + 4phe?®
(46)
Frzom Eq. (46) we get the expression for natural frequency squared
w”:
*=35(32+ 8v,y— 4,k — k?)by/ ph
Substitution of Eq. (47) into Eq. (48) leads to
1 (11K + 68Ky, — 1120,— 616)
3T 04 (= Tvy+ K+ 4K, - 28)
Substituting Eq. (48) into Eq. (44) we get

(47)

Rb, (48)

Journal of Applied Mechanics
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1 (68k*y, =616 = 112vy+ 11K%)(= 18 — 615+ 3K’ v, + k)

2T (= Tupg+ K= 28 + 4K, (4K, — 61— 24 + K2)
XR%b, (49)
Eq. (43) leads to the coefficient b;:
by =WiX (50)

where
W=—(=5vy+ k> = 15+ 3k°v,) (= 6vy— 18 + k> + 3k*1,) (- 112w,
- 616+ 11k + 68k*v,)Rb, (51)

X =24(=Tvg+ k> + 4K%v, + k) (= 6vg+ 4% v, + k* = 24) (K + 4k>v,

—5vy—-20) (52)
From Eq. (41), we get
b= - 7 (4w, - 322— 8vy+ k"‘z) b, (53)
8 (-3vy+3k v, —9+k)
Eq. (42) yields another expression for by:
b, =Y/Z (54)

where
Y =—7(8k*, + 512+ 256w, + k* — 120> — 48k* — 48k*v,v,
+ 3205 — 192k%v, + 16k*1?) (55)
K=8(=3v,+k* =9 +3k*,)(3k*v, — 4vy— 12+ k%)  (56)

We demand the expressions for b, in Egs. (50) and (54) to be
equal. This results in the following polynomial equation:

4
> =0 (57)
j=0
where
Dy = 10k — 13103 + 74235k° — 2020770k + 25946040k>
— 126544320 (58)

MAY 2010, Vol. 77 / 031019-5
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Fig. 5 Variation in D(r) versus nondimensional radial coordinate r/R for k=4 and v,=1/32

@, =— 100k'% + 10740k® — 10740k® — 436740kS + 7439322k*

— 44645136k (59)
®, =350k'0 - 28300k% + 722133k° — 5670240k*  (60)
®; =—500k'" - 26286k® — 303972kS (61)

®, = —5688k% +240k"° (62)

Numerical evaluation of the roots of Eq. (57) reveals the fol-
lowing: For k=1, k=2, or k=3, Eq. (57) does not possess real

positive roots for v,. For k=4, the only positive roots of Eq. (57)
is v,=1/32. Figure 5 shows the variation in D(r) versus nondi-
mensional radial r/R. For k=5, Eq. (57) does not have real posi-
tive roots. The value k=6 corresponds to a positive root v,
=0.3644 (Fig. 6). Equation (57) has two positive roots v,
=0.2228 and v,=0.4839 for k=7 (Fig. 7). Also, two roots v,
=0.2635 and »,=0.5799 correspond to k=8. The value k=9 is
associated with roots v,=0.2958 and v,=0.6570, whereas k=10 is
associated with »,=0.3239 and »,=0.7175. Figures associated
with cases k=8, 9, and 10 are not reproduced to save space.

D(r)

25

1 | 1 1 1

15 1 1 1 1

05 06 07 08 09 1

r'R

Fig. 6 Variation in D(r) versus nondimensional radial coordinate r/R for k=6 and »,=0.3644
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Fig. 7 Variation in D(r) versus nondimensional radial coordinate r/R for k=7

6 Semi-Inverse Method of Solution Associated With
m=5
For m=5, the mode shape in Eq. (4) reads
W(r)=1-3(r/R)* + 2(r/R)° (63)

The result of substitution of Eq. (63) in coincidence of Egs. (6)
and (7) into the governing equation yields the following polyno-
mial equation:

1" T T T T

Op+ 0,7+ 0,7 + 037 + O + 05 + Qg%+ 0777 =0
(64)
where

®0=0 (65)

0, = phw’RS = 12k*byv,R* = 24k>byR> + T2byv4R* + 216byR*
(66)

D(r)

108
106
104
10.2
10
98
96
94

9.2

05 06 07 08 0.9 1

r'R

Fig. 8 Variation in D(r) versus nondimensional radial coordinate r/R for k=10 and »,=0.9338
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Variation in D(r) and D,(r) versus radial coordinate r for Eq. (82)

0O, = —36k*b,R* + 144b, v,R* + 432b,R* - 108Kk>b, v,R* O5 == 72k*b4R* + 72k, + 360k>b, v, + 504b,v,R>

(67) —216k%b,v,R? — 504b,v,— 2520b, + 1512b,R* — 3phw’R>
(70)

05 = — 48k*b,R* — 240byv, — 144Kk>byv,R* + T20b,R> + 48k>b,,

— 1200by + 240b,v4R* + 240k v, (68)

0O, =—1800b, — 360b, vy + 60k>b, + 300k*b, v, + 360b; v R>

O = 84k>b; — 3360b5 — 672b3 v,y + 420k%b5 v, (71)

O = 96k>b, — 864D, v+ 480k*byv, + 2phw’ — 4320b, (72)

From Eq. (72) we get the expression for natural frequency squared

+ 1080b5R? — 180k>b;3v,R* — 60k*b;R* (69) o

120 :

D(1)

100
D, (1

60
40

20

Fig. 10
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w? = —48(— 45 = 9vy+ 5k*v, + k)b,  ph (73)

Eq. (71) shows that b3 vanishes identically. Substitution of Eq.
(73) into Eq. (70), results in the expression for b,:

bRY(K* = 11wy + Tk v, — 69)
k* =35 Tvy+ 5k,
Solution of Eq. (69) gives b;=0. The equation resulting from

substitution of Eq. (74) into Eq. (68) results in the expression for
bo:

b2=

(74)

bR (K2 = 1wy + Tk v, — 69) (3K v, + k* — 15 = 51p)

b =
0 (K2 =35 = Tvy+ 5K%v,) (K2 = 25 + 5k*v, - 51,)
(75)
Eq. (66) yields another expression for by:
byR*(K* = 9vy+ 5k*v, — 45
bo=-2 4R ( Vo Vr ) (76)

K2 =3v,+3k*v, -9

We demand the expressions for b, in Egs. (75) and (76) to be
equal. This results in the following quadratic equation for v,:

(8K® = 328k*) 17 + (= 6k° + 508k* — 9718k%) v, — 117k* + 5359k>
+k°-69435=0 (77)

For k=1 through k=10, Eq. (77) does not posses real positive
roots for v,, except for k=6 for which it yields a positive root
v,=0.9338. Figure 8 shows the variation in D(r) versus nondi-
mensional radial r/R.

7 Example Section

Equations (15), (27), (47), and (73) all are in the analogous
form:

(78)

where the form of the function ¢ depends on the postulated mode
shape or more specifically, for various values of m we have

2421 + Tvy—3v,k> = 21K3),
24(21 + Tvy—3v,k> - 21K%),
35(32+ 8v,—4v k> - k?),
48(45 + vy — Sv, k> + k2),

(1)2 = QD(VH Vﬂ,k)b4/ph

for m=1
( Y for m=2
v, vok) =
¢ ’ for m=4
for m=5
(79)
The coefficient b, was up to now treated as an arbitrary coef-
ficient. We now demand that the circular plate’s fundamental fre-
quency must be equal prespecified value (), i.e.,

0= (80)
This demand allows specification of the coefficient by:
by=Qphl ¢(v,, vy, k) (81)

Once coefficient b, is determined, the associated flexural rigidi-
ties D,(r) and Dy(r) can be evaluated. Let, for example, R
=0.15 m, p=100 kg/m3, h=0.08 m, and the demanded natural
frequency value (0=95 Hz. The tailoring can be accomplished by
choosing m=1 (k=2, v,=0.35), leading to b,=-52.40998839.
The appropriate flexural rigidities equal

D,(r) =52.41r* - 5.1886r* + 0.3279

Dy(r) = 209.64r* — 20.7544r> + 1.3116 (82)

If, however, we choose m=2 (k=4, v,=0.1080), we get b,=
—9.764526153. The corresponding flexural rigidities read

D,(r) =9.7645r* = 3.29217° + 0.1641/% + 0.0492r
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D y(r) = 156.2321* - 52.67361° + 2.6241> + 0.7872r  (83)

As is seen, the vibration tailoring can be accomplished in several
ways. Figures 9 and 10 show the variation in D,(r) and D(r) as a
function of r for Egs. (82) and (83), respectively.

8 Conclusion

In this study vibration tailoring of a polar-orthotropic clamped
plate has been accomplished via analytical calculations. Shirk et
al. [1] emphasized that “...the structural dynamic behavior and
flexibility of an aircraft are important to the performance and du-
rability of a particular design, the development of these strategies
assumes particular importance.” It is hoped that the present
method or its modifications will be applied also for other struc-
tural configurations.
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